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We report on a result on Shintani's ray class invariant obtained in [5]. 
§ L Shintani invari.ant 
Let K be a real quadratic vVe denote 
of K modulo an ideal f c and associate the 
(f) the narrow ray class group 
zeta function 
with each ray class ([ E where is the nonn of a. T. Shintani [2, 4] stud-
ied expressions of the values and (' ~ and the nurnber 
:= exp( -((0, It)+ 
now called Shintani invariants. Here and are the ray classes 
, defined 
f.ll E 1 + f, ,u1 < 0, > 0, 
(we regard .l·{ as a subfield of JFK, and denote the conjugate of x E K . The 
of Shintani invariants in the arithmetic of K is expressed by the 
Stark-Shintani conjecture that, speaking, states that the invariants are 
algebraic units and generate the class fields of K. 
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also gave a formula which can be regarded as an analogue of the Kronecker 
limit formula for real quadratic fields. His formula expresses X ( 12:) means of a certain 
special function. That function, now called the double sine function (see [1]), is defined 
S(vJ, z) = exp( -(~(O,u),, + (~ w, 1 + w-
where 
00 
(2 w,z) = ~ 
p,q=O 
is Barnes' double zeta function. 
'I'heorem 1.1 (Shinta,ni's 
ta.l unit of K, we }mve 
with. a finite subset .R of .K. 
The 
H s denotes the 
=ll 
" l l " . 3 + '5 1 h Iunc an1enta umt 1s E: = ---, ann we ave 2 
xS 
7c -.1- 9) 
---- s 
j 11 
7s1 + 9\ , 
,-1-1-JS 
8E + 4 \) " ( 6E + 3 ) ,... 
,-1-- <)\E' 1·1 v 
1 - ' -
s 
then the 
The (2.1) vvas from the relative class number formula for a 
extension over K, ·which works in rather special cases, while (2.2) is 
a consequence of the general formula (Ll). This situation suggests the following prob-
lem: 
Deduce the equation from the expression (2.2) by exploiting the properties 
of the double sine function. 
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To the author's knowledge, any solution to this problem is unknown. On the other 
hand, we can show that 
s s 8e:




' 11 ~-~ 
using only the Proposition 3.3.1]): 
(2.4) 
z) = 2 z+ 
z) == 2 S(l/cv -l,z/w) ---·---·--.~(·1. ' u· -uJ,z) 0 < w < 1). 
To prove (2.3), we rewrite the values + for 7 9 n' u)' ... , 




. S(c:-1, -l)+a:+y) 
= s (1 - ~-lT- ( 1 - c1) + X + y) l S(c:-l,y(e:-l)+:r+y-1) S ( 1 - e:1 , ( 1 - x) ( 1 - c:') + x + y - 1) 
+· < 1) y ·- ' 
+y > 1) 
using (2.5) and that 
(2.'7) s 7 c1 + 9 \ S ( E - 1, fr ( c - 1) + fr) 
'-,-1-J = S'(J -- "'' .4 (1- :,) I 2.)' 
- ' . c 7 11 C I 11 
+ 3) _ S(c: -- 1, l1 (s -- 1) + tJ 
-.l-. 1- - C" 1 1--i--'\71~-----g-) ' 
' 0 \ - c 3 ll ( - + i1 
since (2- 1)(1 - = 1, the formula implies that the numerator of 
7) and the denominator of are factors of the 111 cancel 
out 
§ 3. General result 
To state a result in [5] of which the cancellation (2.3) is a consequence, we have to 
introduce some notations. 
Let a ray class lt E (f) be vVe choose the following data: 
w !l c is a representative of lt. 
.., b is a fractional ideal which satisfies that b n Q = Z and belongs to the narrow ideal 
class [o.- 1f] E of 
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e 0.1 E K satisfies that b = Z + ZvJ and 0 < < 1 < uJ. 
"' z E K is a totally element such that b = ( z) 
the condition 0 < < 1 < t.v, cv has the 
1 
t,; = bo ·~- -----------
1 
bl - ... -------
1 
Om-1- ----




Then, if we define a sequence = 1 and , it is easy to show 
induction that Ak-l and spans b over Z for each k E Z. Hence there is a unique 
pair of rational numbers such that 
0 < X~t, :::; 1, 0 :::; Y/.~ < 1, + := z (mod b). 
We put Zk = X,~;;Wto + Yk· We call the sequence { decomposition data 
associated with e:, because of the 
Proposition 3.1. VIe have 
\ 8 C'C 
k=l 
-o=---'"- '1 ""\~ 
I ~ 
I p,q=O 
+ PWk + q)- 8 , 
where D is the discriminant K. 
Remark 3.2, 
( 1) The sequence } has the period m, v1hile has the period rm where T is the 
index of the subgroup 
J l tt E x I u » 0, u = 1 (mod f)} 
in the group totally positive units. 
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(2) When we begin with another choice of the data a, b, w and z, the indices of 
ClK 
{ (w~c, zrJ} are shifted, i.e. the new data { , zk1))} can be written as , .z1~1 )) = 
, Zk+ko) with some constant k0 . In other words, the decomposition data is 
by 12: up to shift of indices. 
Let { 
and m and rrn the 
} be the decomposition 
of the sequences } and 
with rt E 
respectively 
Remark 3.2 
(1) We bave a 
7'ffi 
Xl(<!:) =II 
( rc·) i 
. .:_ , w.ae.re 
I~l (rt) = 
io=l k=l 
(2) VVe luwe tile relations 
In the case considered in 
(1trt1) = x1 -l 
( e:rt1) 1 = Xz ( ltrt2). 
• - 1:/ n,r r.e. when K = 'i.£\ '5), the ray class 
/1 + is trivial because the unit f.J·I = - ( -··-,·--
\ 2 
satisfies that {ll E 1 + f, 
111 < 0 and > 0 . Hence, Theorem , we obtain == 1 for any 
Although lS a variant of Shintani's formula , it ser2ms more 
convenient to use our decomposition data constructed from the continued fraction. In 
the proof of Theorem 3.;3(2) is based on a beautiful relation of the data associated 
with classes ([ and ([Q:2 , which is a result of the continued theory. ·we remark 
that such a relation was obtained and used Zagier when f = the case in which 
the quantities zk don't appear explicitly since z," = V.Jk for all k. Once such a relation 
is established, the relations (2) can be shown by rev•1riting the exprestsions (1) in a way 
similar to that in §2. See [5] for details, 
References 
[1] N. Kuroka.wa, S. Koyama, Multiple sine functions, Forum 15 (2003), 839-876. [2] T. Shintani, On a Kronecker limit formula for real. quadratic fields, J. Fac. Sci. Univ. 
24 (1977), 167--199. 
50 SHUJ! YAMAMOTO 
[3] T. On values of £-functions of algebraic number fields (Japanese), Sug-
aku, 29 (1977), 204-216. 
[4] T. 'J>HU"Oo'"H On certain ray class invariants of real quadratic fields, J. Math. Soc. Japan, 
139-167. 30 
[5] s. arrmrnot;o, On Kronecker limit formulas for real 
[6] D. 
153-184. 
Ann., 213 (1975), 
